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South African Estimates

Woolard & Leibbrandt (1999) and Woolard (2002)
E = (a + β2k)β1
African households only
1993 & 1995 data
Engel method
β̂2 ≈ 0.5 and β̂1 ≈ 0.9

Most other studies no scale estimated
Adjust with rule-of-thumb from May, Carter & Poset (1995)
May, Budlender, Mokate, Rogerson & Stavrou (1995) and
Meth & Dias (2004)

Three exceptions
Yatchew et al. (2003) semiparametric
Anonymous (2016) linear
Koch (2017) semiparametric
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Engel Overview
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Engel’s Method

Following Engel’s (1857) conceptualization
x is total expenditure
n is household size
nj is proportion of people in ‘group’ j
Z are other controls
w is food share of budget

w = β0 + β1 ln(x
n
) +∑

j
γjnj + Zδ. (1)

Estimates can be used to calculate an equivalance
Ignore Z for simplicity
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Finding the Scale

‘Equalize’ food expenditure shares

wa = w r

β0 + β1 ln(xa

na ) +∑
j
γjna

j = β0 + β1 ln(x r

nr ) +∑
j
γjnr

j
(2)

Solve for the ratio of expenditure
Rearranging terms



Introduction Equivalence Scales Estimation The Data Results Conclusion References

The Engel Scale

Once completed..

E ≡ xa

x r = na

nr exp
⎛
⎜
⎝

∑j γj (nr
j − na

j )
β1

⎞
⎟
⎠

(3)

Thus, estimate (1)
Plug into (3)
Bootstrap for standard errors
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Base Independence
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Base Independence: The Idea

Blundell & Lewbel (1991), extending Pollak & Wales (1979)

Different preferences will give same demand curves
Eq Scales not identified from demand curves
But, cost of living index is estimable
Can recover relative CoL

Equivalence scales are independent of base utility
Blackorby & Donaldson (1993) provide a different
interpretation
Monotonic transformation of utility cannot include
demographic structure
Income-ratio comparability
But, this means Working-Leser shares ‘fail’
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Base Independence Applied

Optimal result: Indirect utility

V (p,x ,z) = V (p,
x

∆(p,x ,z) ,z
r) (4)

From basic micro theory

wj(p,x ,z) = −
∂V /∂ ln pj

∂V /∂ ln x
= −

∂V /∂pj

∂V /∂x
×

pj

x
(5)

This is a semilog derivative
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Base Independence Applied: The Numerator

The semilog derivative

wj(p,x r ,zr) = −
∂V /∂ ln pj

∂V /∂ ln x r (6)

The numerator

−∂V
∂pj
×

pj

x
= [−Vp −Vx

x
∆2 (−∂∆

∂p
)] p

x

= −Vp ×
p
x
+ Vx

∆
(∂∆

∂p
× p

∆
)

= −Vpp
x
+ Vx

∆
η∆p

(7)
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Base Independence Applied: The Denominator

The semilog derivative

wj(p,x r ,zr) = −
∂V /∂ ln pj

∂V /∂ ln x r (8)

The denominator

∂V
∂x

= Vx

∆
+Vx

x
∆2 (−∂∆

∂x
)

= Vx

∆
(1 − ∂∆

∂x
x
∆

)

= Vx

∆
(1 − η∆x)

(9)
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Base Independence Applied: The Result

The solution

wj(p,x ,z) = −(
Vpp

x
+ Vx

∆
η∆p)( ∆

Vx(1 − η∆x)
)

= (−Vpp
x

∆

Vx(1 − η∆x)
) + (

Vxη∆p

∆

∆

Vx(1 − η∆x)
)

= [ 1
1 − η∆x

](−Vp

Vx

p∆

x
) +

η∆p

1 − η∆x

= 1
1 − η∆x

[(−Vp

Vx

p
x/∆

) + η∆p]

(10)
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Base Independence Applied: The Simplification

The first simplification

wj(p,x ,z) =
wj(p,x r ,zr) + η∆p

1 − η∆x
(11)

With Base Independence

wj(x ,z) = wj(x r ,zr) + ηp (12)

Estimation is not obvious
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Semiparametric Methods
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An Index Model

Yatchew et al. (2003) provide a succinct version
They also estimate for South Africa (a different model)
Consider the minor generalisation of equation (??)

provide a number of useful improvements in

yb = fb (p,xb) = fa (p,
xb

∆b(p)
) + ηb(p) (13)

This can be placed into an index framework

y = f (ln x − zδ) + zη + ε (14)
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The Semiparametric Models: Model 1
Rearranging Yatchew et al. (2003)
Version 1

y = f (ln x − zδ) + zη + ε
zδ = θ ln(a + k)
zη = (a + k)η
y = f (ln x − θ ln[a + k]) + [a + k]η + ε

(15)

Now, we just need θ and η
We undertake grid search
Employ Robinson (1988) Double Residual Method
Some minor tweaks to Yatchew et al. (2003)
a nand k are adults and children
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The Semiparametric Models: Model 2
Rearranging Yatchew et al. (2003)
Version 2

y = f (ln x − zδ) + zη + ε
zδ = β2 ln(a + β1k)
zη = η1a + η2k
y = f (ln x − β2 ln[a + β1k]) + η1a + η2k + ε

(16)

Now, we just need β1, β2, η1 and η2

We undertake grid search here, too
Employ Robinson (1988) Double Residual Method
Some minor tweaks to Yatchew et al. (2003)
a nand k are adults and children
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The Semiparametric Models: Model 3

Leave as is

y = f (ln x − zδ) + zη + ε (17)

Now, need a series of δs and ηs
We undertake grid search
Again Robinson (1988) Double Residual Method
Some minor tweaks to Yatchew et al. (2003)
zs are dummy variables for each household structure
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Partial Linear Model

Consider

y = f (X) + Zβ + u (18)

Take expections with respect to Z

E[y ∣X ] = f (X) +E[Z ∣X ]β (19)

Subtract

y −E[y ∣X ] = (Z −E[Z ∣X ])β
ỹ = Z̃β

(20)
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Estimation in Practice

‘Revised’ OLS, Robinson (1988)
But need estimates for E[y ∣X ] and E[Z ∣X ]
Estimate nonparametrically, separately
Use Hayfield & Racine (2008) in R Core Team (2016)
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Partially Linear Index Model
Consider, where δ might also be a function

y = f (X − δ) + Zη + u (21)

Grid search: specify value of δ
Follow double-residual method on (X − δ)
Repeat
Optimum based on minimum sum of squares
Variance of η: covariance matrix from ‘revised’ OLS
Variance of δ requires squared derivative of f

V = E[f ′(X − δ)2[X −E[X ∣X − δ]][X −E[X ∣X − δ]]∣X − δ]
V(δ) = σ2

uV−1

(22)
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The Data
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2010 Income and Expenditure Survey

Primarily used for CPI
Contain needed data

Food expenditure
Total expenditure
Household structure
Further breakdown by race

Expenditures follow COICOP
Classification of Individual Consumption According to
Purpose
Initial switch in 2005-06
Health is 06
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Descriptive Statistics

Table: Descriptive Statistics of 2010 IES Data
All HH Black HH Coloured HH White HH

Household Size 3.75 3.79 3.84 2.67
Food Expenditure 951.72 831.98 1272.54 1623.81
Food Share 0.25 0.27 0.25 0.09
Total HH Expenditure 6630.26 4585.65 7766.59 23048.87
Descriptive statistics.
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A Look at Base Independence: Sort of
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Single Adult Black Households
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Figure: Computed bandwidths for zero children, one child, two
children and three children are 0.209, 0.282, 0.369 and 0.314.
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Two Adult Black Households
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Figure: Computed bandwidths for zero children, one child, two
children and three children are 0.179, 0.233, 0.239 and 0.282.
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Semiparametric Estimates
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Estimates: Models 1 and 2

Table: Parameter Estimates from Semiparametric Models

θ̂ η̂ β̂1 β̂2 η̂1 η̂2

(s.e.) (s.e.) (s.e.) (s.e.) (s.e.) (s.e.)
All HH SP 0.4275 0.0040 1.0000 0.4375 0.0000 0.0081
N= 24206 (0.024) (0.001) (0.031) (0.048) (0.001) (0.001)
Black HH SP 0.3825 0.0047 1.0000 0.3925 -0.0004 0.0098
N= 19143 (0.026) (0.001) (0.035) (0.051) (0.002) (0.001)
Colour HH SP 0.3775 0.0043 0.8150 0.3950 0.0038 0.0050
N= 2442 (0.103) (0.004) (0.126) (0.206) (0.006) (0.006)
White HH SP 0.4875 -0.0005 0.9000 0.4750 0.0017 -0.0023
N= 1865 (0.217) (0.004) (0.270) (0.591) (0.006) (0.007)
Parameter estimates from equation – reference – and equation –
reference – for all households.
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Discussion of Estimates

For (a + k)θ
They match Koch (2017), as they should
The esimates are lower than Xu et al. (2003)
Meaning: larger equivalence scales

For (a + β2k)β1

Previous Research: β2 ≈ 0.5, β1 ≈ 0.9
For us: 0.8 ≤ β̂2 ≤ 1.
But, grid search stopped at 1...
For us: 0.37 ≤ β̂1 ≤ 0.475
Large differences

Meaning:
Children now closer to adult cost than in 1995
Household economies more extensive than in 1995

Scales larger for (a + β2k)β1 than for (a + k)θ
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Equivalence Scales for All HH: Models 1 and 2

Table: Equivalence within All Households

∆ = (A + K)θ ∆ = (A + β1K)β2

∆̂ δ̂ ∆̂ δ̂
Adults Kids (s.e.) (s.e.) (s.e.) (s.e.)
1 0 1.0000 0.0000 1.0000 0.0000

(0.000) (0.000) (0.000) (0.000)
1 1 1.3449 0.2963 1.4375 0.3629

(0.022) (0.016) (0.035) (0.030)
1 2 1.5994 0.4697 1.8750 0.6286

(0.041) (0.026) (0.066) (0.046)
1 3 1.8088 0.5926 2.3125 0.8383

(0.059) (0.033) (0.096) (0.056)
2 0 1.3449 0.2963 2.0000 0.6931

(0.022) (0.016) (0.042) (0.021)
2 1 1.5994 0.4697 2.4375 0.8910

(0.041) (0.026) (0.033) (0.026)
2 2 1.8088 0.5926 2.8750 1.0561

(0.059) (0.033) (0.046) (0.035)
2 3 1.9898 0.6880 3.3125 1.1977

(0.076) (0.038) (0.068) (0.043)
Equivalence scale estimates from equation – reference – and
equation – reference – for All households.
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Equivalence Scales for Black HH: Models 1 and 2

Table: Equivalence within Black Households

∆ = (A + K)θ ∆ = (A + β1K)β2

∆̂ δ̂ ∆̂ δ̂
Adults Kids (s.e.) (s.e.) (s.e.) (s.e.)
1 0 1.0000 0.0000 1.0000 0.0000

(0.000) (0.000) (0.000) (0.000)
1 1 1.3036 0.2651 1.3925 0.3311

(0.024) (0.018) (0.038) (0.033)
1 2 1.5223 0.4202 1.7850 0.5794

(0.044) (0.029) (0.073) (0.052)
1 3 1.6994 0.5303 2.1775 0.7782

(0.062) (0.036) (0.106) (0.063)
2 0 1.3036 0.2651 2.0000 0.6931

(0.024) (0.018) (0.048) (0.024)
2 1 1.5223 0.4202 2.3925 0.8723

(0.044) (0.029) (0.037) (0.028)
2 2 1.6994 0.5303 2.7850 1.0242

(0.062) (0.036) (0.051) (0.038)
2 3 1.8508 0.6156 3.1775 1.1561

(0.078) (0.042) (0.075) (0.047)
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Equivalence Scales for Coloured HH: Models 1 and 2

Table: Equivalence within Coloured Households

∆ = (A + K)θ ∆ = (A + β1K)β2

∆̂ δ̂ ∆̂ δ̂
Adults Kids (s.e.) (s.e.) (s.e.) (s.e.)
1 0 1.0000 0.0000 1.0000 0.0000

(0.000) (0.000) (0.000) (0.000)
1 1 1.2991 0.2617 1.3117 0.2713

(0.093) (0.072) (0.133) (0.115)
1 2 1.5140 0.4147 1.6072 0.4745

(0.172) (0.113) (0.250) (0.180)
1 3 1.6876 0.5233 1.8908 0.6370

(0.241) (0.143) (0.358) (0.222)
2 0 1.2991 0.2617 1.7593 0.5649

(0.093) (0.072) (0.154) (0.088)
2 1 1.5140 0.4147 2.0377 0.7118

(0.172) (0.113) (0.181) (0.112)
2 2 1.6876 0.5233 2.3076 0.8362

(0.241) (0.143) (0.260) (0.148)
2 3 1.8360 0.6076 2.5706 0.9441

(0.305) (0.166) (0.352) (0.181)
Equivalence scale estimates from equation – reference – and
equation – reference – for Coloured households.
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Equivalence Scales for White HH: Models 1 and 2

Table: Equivalence within White Households

∆ = (A + K )θ ∆ = (A + β1K )β2

∆̂ δ̂ ∆̂ δ̂
Adults Kids (s.e.) (s.e.) (s.e.) (s.e.)
1 0 1.0000 0.0000 1.0000 0.0000

(0.000) (0.000) (0.000) (0.000)
1 1 1.4020 0.3379 1.4188 0.3498

(0.211) (0.150) (0.393) (0.330)
1 2 1.7084 0.5356 1.8240 0.6010

(0.407) (0.238) (0.738) (0.497)
2 0 1.4020 0.3379 1.8661 0.6238

(0.211) (0.150) (0.350) (0.187)
2 1 1.7084 0.5356 2.2606 0.8156

(0.407) (0.238) (0.297) (0.248)
2 2 1.9656 0.6758 2.6475 0.9736

(0.591) (0.301) (0.512) (0.356)
Equivalence scale estimates from equation – reference
– and equation – reference – for White households.
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Short Discussion of Race Differentiated Scales

Ranking: White, Black then Coloured
Not quite richest to poorest
Differences not overly large
But, white estimates noisiest (relatively few observations)
Still need to complete analysis for each race...
Policy: Needs more work...

VAT exemptions on food?
Race differentiated subsidies, taxes and poverty lines?
Or, enough to reconsider levels of subsidy, tax and poverty
line?
Technically, poverty lines not formalized yet in South Africa.
Child and spouse income tax exemptions worth
consideration.
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Equivalence Scales: All Households Model 3

Table: Child Equivalence within Single-Adult Households

Kids ∆̂ δ̂ η̂
(s.e.) (s.e.) (s.e.)

1 1.6763 0.5166 0.0164
(0.010) (0.006) (0.006)

2 2.7431 1.0091 -0.0179
(0.010) (0.004) (0.009)

3 3.5952 1.2796 -0.0234
(0.412) (0.115) (0.015)

This set done with subsamples
But, suggest larger adjustements
Needs further investigation
Something interesting with single-adult households...
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More Equivalence Scales: All Households Model 3

Table: Child Equivalence within Two-Adult Households

Kids ∆̂ δ̂ η̂
(s.e.) (s.e.) (s.e.)

1 1.2894 0.2542 -0.0010
(0.016) (0.012) (0.004)

2 1.4773 0.3902 -0.0019
(0.025) (0.017) (0.004)

3 1.9423 0.6639 0.0001
(0.022) (0.011) (0.006)

This set done with subsamples, too
Roughly similar estimates
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Concluding Thoughts

Estimated semiparametric equivalence scales assuming
base independence
Race differentiated estimates found
Race differentiated equivalance scales, too
Estimates rather different than in 1995:

Larger child costs
Larger scale economies
Overall equivalence similar, but smaller than 1995

Recently: semiparametric estimates smaller than linear
estimates
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Final Thoughts

Recent research suggests a better way forward
Browning et al. (2013)
GR Dunbar & Pendakur (2014)
Chiappori (2016)

Data requirements, however, exceed what is available
Although, we do have...

Child clothing
Female clothing
Male clothing
Adult clothing

.. So, maybe?
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